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Abstract
The minimum energy requirements for ensuring (i) just successful ignition and (ii) successful self-sustained
flame propagation without the assistance of an external energy source following a successful ignition event
have been analysed for the forced ignition of a homogeneous stoichiometric methane-air mixture under a
wide range of turbulence intensities using three-dimensional Direct Numerical Simulation (DNS) data. It has
been found that the minimum energy needed for successful ignition is also sufficient to ensure self-sustained
flame propagation for small turbulence intensities. However, for large turbulence intensities, the minimum
energy for ensuring self-sustained flame propagation can be considerably greater than the minimum energy
needed just to successfully ignite the mixture. At low turbulence intensities, the thermal runaway has been
obtained for the minimum ignition energy after the end of the energy deposition indicating an autoignition.
For larger energy inputs and turbulence intensity, the thermal runaway was obtained during the energy
deposition period. It has been found that the minimum energy requirements for ignition and self-sustained
flame propagation increase with increasing turbulence intensity but a transition in this behaviour has been
observed. There is a critical turbulence intensity such that the increase in the energy demand is significantly
more rapid above the critical value than that for turbulence intensities smaller than the critical value. This
has been found to be qualitatively consistent with previous experimental findings. The stochastic nature
of the ignition event has been demonstrated by considering different realisations of statistically similar
turbulent flow fields. The conditions giving rise to a successful ignition have been identified by a detailed
analysis of the energy budget. A scaling analysis has been performed for the critical condition for ensuring
self-sustained flame propagation and the insights gained from this analysis have been utilised to explain the
physical mechanisms behind the transition of the minimum ignition energy.
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1. Introduction
Localised forced ignition (e.g. spark or laser ignition) of homogeneous mixtures plays a pivotal role
in the effective utilisation of fuel in Spark Ignition (SI) engines and industrial gas turbines. Because of its
fundamental importance, the localised forced ignition has been extensively analysed by various researchers by
analytical [1–3], experimental [4–17] and computational [18–26] methodologies. The ignition characteristics
in quiescent homogeneous gaseous mixtures due to a point ignition source have been investigated by Espi
and Lin˜a`n [1, 2]. Champion and Deshaies [3] developed analytical tools to address flame initiation whose
predictions compare favourably with experiments. Although these analytical studies [1–3] were conducted
for laminar conditions, they provided fundamental physical insights even for turbulent conditions. Lefebvre
and co-workers [4–7] carried out an extensive experimental analysis on propane-air, iso-octane, diesel oil
and heavy fuel oil and demonstrated that the critical radius increases with increasing turbulence intensity
and with decreasing equivalence ratio. This indicates that more energy is needed to ignite fuel-lean and
fuel-rich mixtures in comparison to the stoichiometric mixture and this tendency becomes more prevalent
for high turbulence intensities. Huang et al. [8] and Shy et al. [9] analysed the minimum ignition energy
(MIE) under homogeneous isotropic forced turbulence for different equivalence ratio values of homogeneous
methane-air mixtures and different turbulence intensities u′/s0l (where u
′ is the root-mean-square (RMS)
value of turbulent velocity fluctuations and s0l is the unstrained laminar burning velocity). A transition in
the increase of MIE with an increase of turbulence intensity has been observed at a critical value u′c/s
0
l such
that the MIE requirement for u′/s0l > u′c/s0l is significantly higher than that for u′/s0l 6 u′c/s0l , and this
has been justified based on scaling arguments by Shy et al. [9]. Shy and co-workers also investigated the
MIE transition dependence on various parameters including spark gap distance, equivalence ratio, fuel type
and pressure [8, 9, 13, 15–17]. Using laser ignition in isotropic homogeneous decaying turbulence, a similar
transition has been obtained for lean methane-air mixtures by Cardin et al. [11, 12]. These two experimental
results show that the transition occurrence is independent of the ignition system (spark or laser) and fuel
considered and that a common criterion can be found to characterize the transition, i.e. Ka ∼ 10. However,
some differences in the critical turbulence intensity and MIE dependence on the turbulence intensity were
highlighted by Cardin et al. [11]. These differences have been attributed to variations in the ignition
apparatus, experimental set-up and integral length scale of turbulence between the experiments.
It has recently become possible to carry out three-dimensional Direct Numerical Simulations (DNS) of
localised forced ignition of homogeneous mixtures to analyse the early stages of premixed flame kernel devel-
opment [22–26]. The detrimental effects of turbulence intensity have also been numerically confirmed using
DNS [22, 26]. Patel and Chakraborty [26] analysed the effects of the energy deposition characteristic width,
duration, total energy and turbulence intensity for different equivalence ratios in homogeneous mixtures,
and computationally confirmed the findings from Refs. [4–7, 18] in a qualitative sense. Interested readers are
2
referred to Refs. [27, 28] for further review of the literature on localised forced ignition of both homogeneous
and inhomogeneous mixtures.
Although the existing numerical investigations [19–26, 29] provided significant physical insights into
localised forced ignition of homogeneous mixtures, the transition of MIE between small and high values of
u′/s0l reported experimentally by Shy and co-workers [8, 9, 13, 15–17] and Cardin et al. [11, 12] has not
been computationally analysed to the best of the knowledge of the authors of this paper. In the present
analysis, three-dimensional simple chemistry DNS of localised forced ignition of homogeneous stoichiometric
methane-air mixtures under decaying homogeneous isotropic turbulence have been utilised to evaluate the
minimum energy leading either to (i) at least a successful ignition or to (ii) a successful ignition followed
by a self-sustained combustion once the ignitor has been switched off. The main objectives of this work
are thus to (1) analyse the variation of the MIE requirements for successful ignition and for subsequent
flame propagation for different initial intensities of homogeneous isotropic turbulence using DNS and to (2)
explain the transition of MIE between small and large values of u′/s0l based on the physical insights gained
from DNS data.
The rest of the paper will be organised as follows, the mathematical background and numerical imple-
mentation will be presented in the next two sections. Following that, the results will be presented and
subsequently discussed. The main findings and the conclusions drawn from them will be summarised in the
final section.
2. Mathematical background
The wide range of initial turbulence intensities investigated here, added to the fact that multiple simula-
tions are needed to identify the MIE and its statistics accurately, means that the current study is computa-
tionally intensive. Moreover, the present flame-turbulence interaction is not significantly influenced by the
choice of the chemical mechanism. Thus, a single-step chemical mechanism has been used, that is given by,
Fuel + s ·Oxidiser→ (1 + s)Products, (1)
where s indicates the mass of oxygen consumed per unit mass of fuel consumption under stoichiometric
conditions. The fuel reaction rate is given by an Arrhenius type expression [26, 30–34], which reads,
ω˙f = −ρB∗YfYo exp
[ −β(1− T )
1− α(1− T )
]
, (2)
where ρ is the gas density, Yf and Yo are the fuel and oxidiser mass fraction respectively. The dimensionless
temperature is defined as T = (Tˆ − T0)/(Tad − T0) where Tˆ , T0 and Tad are the dimensional instantaneous,
reactants and stoichiometric adiabatic flame temperatures respectively. In Eq. 2, β is the Zel’dovich number,
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defined as β = (Tac [Tad − T0]) /T 2ad, where Tac is the activation temperature, α = (Tad − T0) /Tad is a heat
release parameter and B∗ is the normalised pre-exponential factor. The extent of the completion of the
chemical reaction can be quantified by a reaction progress variable c rising monotonically from 0 in the
reactants to 1 in the products, defined as c = (Yf,u − Yf )/(Yf,u − Yf,b) [26, 30] where Yf,u and Yf,b are the
mass fractions of fuel in the reactants and products respectively.
It is worth mentioning here that several previous DNS studies have shown the validity of a single-step
chemical mechanism compared to detailed chemistry. It was found that the statistical behaviour of the
reaction rate [35, 36], flame propagation [35, 37], and scalar gradient statistics [36, 38, 39] are adequately
captured by a single-step chemical mechanism. A recent analysis by Haghiri et al. [40] discussed the ability of
simple chemistry to match important physical parameters such as laminar flame speed, flame thickness and
temperature ratio across the flame. Thus, single-step chemistry is usually preferred over detailed mechanisms
when an extensive parametric analysis is involved, as in the case of the current work which required tens of
simulations.
Furthermore, the success of ignition and the occurrence of self-sustained flame propagation are dependent
on the competition between the heat release rate due to chemical reactions and the heat transfer from the
hot gas kernel, and these mechanisms are correctly captured by a single-step chemistry. In this regard, it
is worth highlighting that a large number of single-step chemistry based analytical studies [1–3, 41] offered
fundamental physical insights into localised forced ignition. Finally, findings on localised forced ignition by
previous simple chemistry DNS studies [42–44] have been found to be qualitatively consistent with those
obtained from detailed chemistry simulations [32, 45, 46].
The effects of the localised forced ignition are accounted for by the addition of a source term to the
energy conservation equation, q′′′ [26, 30–34],
∂
∂t
ρE+
∂
∂xi
ρuiE︸ ︷︷ ︸
−C1
= − ∂
∂xi
uiP︸ ︷︷ ︸
P1
+
∂
∂xi
τijuj︸ ︷︷ ︸
D1
+ ω˙T︸ ︷︷ ︸
P2
+
∂
∂xk
[
λ
∂Tˆ
∂xi
]
︸ ︷︷ ︸
D2
− ∂
∂xi
ρ
N∑
k=1
hs,kYkVk,i︸ ︷︷ ︸
D3
+ q′′′
︸ ︷︷ ︸
P3
, (3)
where E is the specific stagnation internal energy (E = CvTˆ + uiui/2, where Cv is the heat capacity at
constant volume), ui is the i-th velocity component, hs,k is the specific enthalpy of the k-th species, P is the
pressure, ω˙T = |ω˙f |Hφ is the heat release due to combustion (where Hφ = [(Tad − T0)Cp] / [Yf,u − Yf,b] is
the heat release per unit mass of fuel consumption) and τij is the viscous shear stress tensor. The species are
considered to be perfect gases with constant and identical properties, i.e. heat capacities at constant pressure
and volume (Cp and Cv), viscosity (µ), thermal conductivity (λ) and density weighted mass diffusivity (ρD).
These assumptions lead to ρ
∑N
k=1 hs,kYkVk,i = Cp (T − T0)
∑N
k=1 YkVk,i = 0. The source term q
′′′ is taken
to follow a Gaussian distribution in the radial direction from the ignition centre [1, 2, 26, 30–34] and is
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expressed as,
q′′′ = Asp exp
(−r2/2R2sp) , (4)
where r is the distance from the ignitor centre and Rsp is the characteristic width of energy deposition. The
constant Asp is determined by a volume integration leading to the total ignition power Q˙ given by,
Q˙ =
∫
V
q′′′ dV = aspρ0CpτT0
(
4
3
piδ3z
)[H(t)−H(t− tsp)
tsp
]
, (5)
where asp is a parameter determining the total energy deposited by the ignitor [26, 30–34], τ = (Tad−T0)/T0
is the heat release parameter, δz is the Zel’dovich flame thickness (δz = D0/s
0
l where D0 is the reactants mass
diffusivity) and H(t) and H(t− tsp) are Heaviside functions that ensure that the ignitor is only active until
t = tsp. The energy deposition duration tsp is expressed as tsp = bsptf where bsp is the energy deposition
parameter and tf = δz/s
0
l is a characteristic chemical time scale. The suggested range for optimal duration
of energy deposition is 0.2 6 bsp 6 0.4 [47]. For a shorter duration, strong shock waves that dissipate
energy can be formed, and for a longer one, the temperature is wastefully dissipated outside of the energy
deposition region.
The choice of a spherical shape for the ignitor was driven by the choice to have an isotropic energy
deposition region following previous analysis [1, 2, 31, 32, 44, 48] with the aim of eliminating the potential
effects of ignitor geometry on the MIE. In order to confirm that the energy deposition profile does not alter
the qualitative nature of the results, a limited number of simulations have been carried out using a cylindrical
profile of energy deposition using identical input energy and duration parameters as in the spherical case. It
has been found that both the flame propagation and the MIE behaviour for the cylindrical energy deposition
profile were qualitatively similar to that of the spherical one.
Here, the ignition power has been modified whilst the energy deposition duration and width are kept
constant to find the minimum energy levels leading to either of the two following phenomena :
1. A successful ignition refers to a situation where the maximum temperature surpasses the adiabatic
flame temperature during or after the energy deposition period regardless of subsequent flame be-
haviour. If the maximum temperature does not reach the adiabatic flame temperature, it is referred
to as a misfire in the following discussion.
2. A successful self-sustained propagation is obtained when the flame kernel burns without the aid of the
ignitor after a successful ignition. It is determined by evaluating the temporal evolution of the burned
gas volume, that is, if the temporal derivative is positive at the end of the simulation time or when the
kernel leaves the computational domain, a successful self-sustained propagation is obtained, otherwise
it is considered failed or quenched.
5
Note that a successful ignition does not necessarily give rise to a successful self-sustained combustion. As
discussed and demonstrated later, as the turbulence intensity increases, the energy required to simply ignite
the mixture differs from the energy required to obtain self-sustained combustion under the same turbulent
conditions. It was thus deemed necessary to investigate both events. Thus, finding the MIE consists of
finding the values of asp which are sufficient to either (i) produce at least a successful ignition or (ii) ensure
a successful ignition and the subsequent flame propagation once the ignitor is switched off. The details
of the spark formation (momentum modification contribution, plasma and shock wave formation) are not
considered in this DNS database for the purposes of simplicity and computational economy.
3. DNS database
The simulations have been carried out using the compressible three-dimensional DNS code SENGA [49] in
a domain of size 55δz × 55δz × 55δz or 6.5lt× 6.5lt× 6.5lt, where lt is the integral length scale. This domain
was not large enough to accommodate the development of the kernel for t/tsp > 5 for moderate to high
turbulence intensities (i.e. u′/s0l > 6), and a larger domain of size 75δz×75δz×75δz or 8.5lt×8.5lt×8.5lt has
been used. The small domain is discretised by a Cartesian grid of 512× 512× 512 cells of uniform size ∆x,
while the larger domain is discretised with a grid of 700× 700× 700 cells. This grid spacing ensures 10 grid
points across the thermal flame thickness δth = [Tad − T0] /max(|∇Tˆ |). It also ensures ηk > ∆x, where ηk
is the Kolmogorov length scale. The boundaries of the domain are considered to be partially non-reflecting
and are specified using the Navier-Stokes Characteristic Boundary Conditions (NSCBC) technique [50].
The code employs a 10-th order central difference scheme for the internal points that gradually decreases
to a one-sided 2nd-order scheme at the non-periodic boundaries for the spatial differentiation. The time
advancement is carried out using a 3rd-order low-storage Runge-Kutta scheme [51].
The flammable mixture represents a stoichiometric methane/air mixture with s = 4, which with an
oxygen mass fraction in pure air of Yo,∞ = 0.233 yields the unburned gas fuel mass fraction as Yf,st =
Yf,u = 0.055, whereas the burned fuel mass fraction is Yf,b = 0. The mixture is preheated, such that τ = 3,
and the Zel’dovich number is β = 6 which is representative of methane/air combustion. Standard values
have also been chosen for the Prandtl number (Pr = 0.7), the ratio of specific heat (γ = 1.4) and the Lewis
number is taken to be unity for all species.
The width and duration of the energy deposition are kept unaltered throughout the study and are similar
to previous studies of localised forced ignition [26, 30–34] with Rsp/δz = 2.45 and bsp = 0.2 respectively.
The ignitor centre is located at the geometric centre of the computational domain.
The flame-turbulence interaction takes place under decaying isotropic homogeneous turbulence. A well-
known pseudo-spectral method [52] is used to initialise the turbulent velocity fluctuations with prescribed
root-mean-square (rms) values (u′) and integral length scale (lt) obeying the Batchelor-Townsend spectrum
6
u′/s0l lt/δz te/tsp Da Ka Case Grid
0.00 9.0 − − − I/P S
0.50 9.0 90.0 18.0 0.12 I/P S
1.00 9.0 45.0 9.00 0.33 I/P S
1.50 9.0 30.0 6.00 0.61 I/P S
2.50 9.0 18.0 3.60 1.32 I/P S
4.00 9.0 11.2 2.25 2.67 I/P S
6.00 9.0 7.5 1.50 4.90 I/P I(S)/P(L)
9.00 9.0 5.0 1.00 9.00 I/P I(S)/P(L)
11.5 9.0 3.9 0.78 13.0 I/P I(S)/P(L)
14.0 9.0 3.2 0.64 17.5 I/P I(S)/P(L)
18.0 9.0 2.5 0.50 25.5 I/P I(S)/P(L)
22.0 9.0 2.0 0.41 34.4 I/P I(S)/P(L)
27.0 9.0 1.7 0.33 46.8 I/P I(S)/P(L)
32.0 9.0 1.4 0.28 60.3 I S
37.0 9.0 1.2 0.24 75.0 I S
41.0 9.0 1.1 0.22 87.5 I S
45.0 9.0 1.0 0.20 101 I S
Table 1: Initial turbulence properties and dimensionless parameters for the DNS database - I denotes the evaluation of the
MIE for ignition only, I/P for ignition and propagation, while S indicates that the small computational domain (5123) has been
used while L indicates that the large one (7003) has been used
[53]. The initial integral length scale is kept constant throughout the study at lt/δz = 9 (i.e. lt/δth = 4.35)
and it remains comparable with previous computational studies of localised ignition [26, 30–34, 54, 55],
but smaller than those used in experimental studies with lt/δth ≈ 6 − 7 for Cardin et al. [11, 12] and
lt/δth ≈ 40 − 90 for Shy et al. [9] respectively. The different initial values of the normalised turbulent
velocity u′/s0l are listed in Tab. 1 alongside the ratio of initial eddy turnover time te = lt/u
′ and energy
deposition duration tsp. The Damko¨hler and Karlovitz number are also presented in Tab. 1 which shows
that the combustion regimes investigated span from the wrinkled flamelet regime to the lower bound of the
broken reaction zones regime. The cases with large values of u′/s0l were deemed necessary in this work in
order to evenly sample the wide range of turbulence intensities used, but also such that there would be
enough data points to accurately evaluate the trends of the MIE variation with turbulence intensity for
both u′/s0l 6 u′c/s0l and u′/s0l > u′c/s0l (where u′c/s0l denotes the critical turbulence intensity at which the
MIE transition occurs). Note that for large values of the turbulence intensity (i.e u′/s0l > 32.0), the MIE
sufficient to obtain solely successful ignition has been evaluated because the developing flame kernels left
the extended domain before it was possible to determine whether a self-sustained flame propagation was
obtained or not.
The DNS simulations have been carried out for at least t = 2tsp for the evaluation of the MIE which
is sufficient to ensure at least successful ignition. For each value of the turbulent parameters listed in
Tab. 1, several simulations have been carried out with small variations of the ignition energy parameter
asp to estimate the MIE to a precision of about 1% of the laminar MIE value. This represented roughly
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100 computations, each of them lasting for up to 96h on 128 CPUs using Cirrus HPC1. By contrast, the
simulations have been continued up to t = 10tsp to ensure that the burned gas mass continues to increase
with time so as to evaluate the MIE which is sufficient for self-sustained growth of the kernel. The simulation
time of t ≈ 10tsp remains comparable to that used in previous analyses [26, 30–34, 54, 55]. For theses cases,
the MIE was sought with an accuracy of about 3−5% of the laminar MIE yielding a total number about 30
calculations on the 512× 512× 512 grid, and 25 on the 700× 700× 700 grid with computations lasting for
up to 8 days on 250 CPUs. The overall analysis thus required more than 150 DNS simulations for a total
computational cost of about 1.5 million CPUh.
4. Results
4.1. Flame-turbulence interaction
The non-dimensional temperature (T ) iso-surfaces at different time instants are shown in Fig. 1 for
different initial values of the turbulence intensity and Γ = ΓiMIE where the normalised energy Γ is defined
as Γ = IE/MIE0l where IE is the ignitor energy and MIE
0
l is the laminar MIE for self-sustained flame
propagation and ΓiMIE is the normalised MIE to ensure at least successful ignition. In the present analysis,
the laminar MIE is given by MIE0l /
[
ρ0CpτT0
(
4/3piδ3z
)]
= 4.7. The difference in size of the T = 0.1 iso-
surface at t/tsp = 0.5 between initial u
′/s0l = 6 and u
′/s0l = 27 cases indicates that the energy requirement
to obtain a successful ignition increases with increasing turbulence intensity. After the end of the energy
deposition, T = 0.3 is reached at the centre of each of the developing kernels, and the temperature can
be seen to increase in time until a small volume with T > 1 is obtained for all values of u′/s0l shown in
Fig. 1. This increase is faster for higher u′/s0l as can be seen by the appearance of the T = 1 iso-surface at
t/tsp ≈ 1.5 for the cases with initial u′/s0l = 27 and u′/s0l = 18 while it only appears at t/tsp ≈ 2 for the
case with initial u′/s0l = 6. This indicates that the ignition is successful for each one of the cases presented
here. Subsequently, the volume with T > 1 keeps increasing in time for the case with initial u′/s0l = 6 while
it decreases for both initial u′/s0l = 18 and u
′/s0l = 27 cases, indicating that the successful ignition may lead
to a successful propagation in the first case, and a possible flame quenching in the second. Furthermore,
the turbulence induced flame wrinkling can be seen from the increasing deviation from a spherical shape
as u′/s0l increases and time progresses. For the initial u
′/s0l = 6 case, the kernel shape remains roughly
spherical, whilst as the turbulence intensity becomes larger, the kernel start to assume finger-like shapes,
and may even be broken into multiple structures (see the case with initial u′/s0l = 27 at t/tsp = 2.5 and 3)
whilst the kernel is being quenched.
The non-dimensional temperature fields at the central mid-planes and the T = 0.6 iso-surfaces at different
time instants are shown in Fig. 2 for cases with initial values of the turbulence intensity u′/s0l = 0.0, 6.0, 18.0
1http://www.cirrus.ac.uk/about/hardware.html
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T = 1.0
Figure 1: Isosurfaces of (blue) T = 0.1, (green) T = 0.3, (orange) T = 0.5 and (red) T = 1 with the energy deposition region
indicated by the translucent red sphere obtained for Γ = ΓiMIE and (left to right) initial u
′/s0l = 6, 18, 27 at (top to bottom)
t/tsp = 0.5, 1, 1.5, 2, 2.5, 3
and Γ = ΓpMIE where Γ
p
MIE is the normalised MIE for self-sustained flame propagation. The iso-surface
T = 0.6 is chosen as the fuel reaction rate magnitude assumes non-negligible values only for T > 0.6 for the
present thermo-chemistry. From Fig. 2, it can be seen that the temperature isosurfaces remain perfectly
spherical in the laminar case, and its volume increases as time progresses. At t 6 tsp, for low to moderate
initial values of u′/s0l , the kernels also retain a near spherical shape due to the diffusion of the energy
deposited by the ignitor. For larger initial values of the turbulent velocity (u′/s0l > 14.0), the turbulence
significantly affects the kernel development and the flame loses its spherical shape. The T = 0.6 iso-surfaces
expand with time, whilst they become increasingly wrinkled with increasing values of u′/s0l . Most notably,
the flame kernels assume shapes which are increasingly far from spherical and exhibit finger-like features
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generated by the turbulent vortical motion (e.g. u′/s0l = 18.0). The centre of mass of the propagating kernels
also moves away from the ignitor centre and may lie outside the flame kernels as the turbulence intensity
increases.
Figure 2: Isosurfaces of T = 0.6 for initial (top to bottom) u′/s0l = 0, 6, 18 and at (left to right) t/tsp = 1, 2, 4, 8 (5.2 on the
bottom right) with the temperature field at the centre-planes (xy, xz and yz) projected on the sides of the domain in the case
of Γ = ΓpMIE - Note that the computational domains are shown to scale
The extent of flame wrinkling can be quantified in terms of the magnitude of inner product of the local
isotherm normal pointing towards the reactants N = −∇Tˆ /|∇Tˆ | and the radial unit vector r from the
kernel centre of mass. For a perfectly spherical kernel (laminar case), the angle between N and r is zero
(i.e. |cos (θ)| = |N · r| = 1.0). The deviation of |N · r| from 1.0 thus provides a measure of flame wrinkling.
The temporal evolution of Ψ =
∫
VT>0.6
|N · r|dV/VT>0.6 and Φ = d/Rsp (where d is the distance between
the kernel mass and ignitor centres) are shown in Fig. 3 for u′/s0l = 0.0, 4.0, 9.0, 18.0.
It can be seen from Fig. 3 that Ψ decreases, whereas Φ increases with increasing u′/s0l and it becomes
increasingly prominent as time progresses. For u′/s0l = 9.0, and t = tsp, the kernel mass centre appears to
have moved to the edge of the energy deposition zone (Φ ≈ 1.0), while for larger values of u′/s0l , it leaves
the energy deposition zone at t/tsp < 1.0. This also suggests that it is not only the turbulent conditions at
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Figure 3: Temporal evolution of the (top) kernel wrinkling (Ψ =
∫
VT>0.6
|N · r|dV/VT>0.6) and (bottom) normalised distance
between the kernel mass and ignitor centres (Φ = d/Rsp) for initial turbulence intensities u′/s0l = 0.0, 4.0, 9.0, 18.0 and
Γ = ΓpMIE
the ignitor location but also the flow conditions in the volume surrounding the ignitor that contribute to
the possibility of ignition and subsequent flame propagation. Thus, the minimum energy that is required
for self-sustained flame propagation is likely to be greater than the minimum energy requirement for just
ignition, and this difference would increase with increasing u′/s0l . This can indeed be verified from Fig. 4
where the variations of normalised MIEs for both ignition (ΓiMIE) and self-sustained flame growth (Γ
p
MIE)
are shown as a function of the turbulence intensity.
For low turbulence intensities, i.e u′/s0l 6 6.0, ΓMIE is identical for both ignition and propagation. This
is consistent with the findings of Fig. 3 indicating that the resulting flame kernel remains approximately
spherical and its centre of mass does not move far from the ignitor. Hence, the local conditions under which
a successful ignition is obtained are sufficient to give rise to a self-sustained flame propagation. At large
values of u′/s0l , the energy needed to obtain a successful flame propagation becomes significantly larger than
the one needed for successful ignition alone. It has already been observed from Fig. 3 that the hot gas
kernel moves away from the ignitor and thus, the turbulent conditions under which a successful ignition is
obtained may not be found at the location at which the kernel has moved. As a consequence, the kernel
may not reach the critical radius (that increases with u′/s0l [4]) for which self-sustained flame propagation
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Figure 4: Normalised MIE for successful ignition (ΓiMIE) and successful ignition followed by self-sustained flame propagation
(ΓpMIE) as a function of u
′/s0l
is achieved. This, along with the uncertainty that the flame kernel will reach the critical radius during its
motion away from the ignitor centre contributes to the greater values of ΓpMIE than Γ
i
MIE for large values of
u′/s0l . Hence, successful ignition does not ensure self-sustained flame propagation, and the minimum energy
required to ensure self-sustained flame propagation can be considerably greater than the minimum value
which is sufficient to just ignite the mixture.
4.2. MIE transition
For both successful ignition and self-sustained flame propagation, two different regimes can be observed
on Fig. 4, with a slow increase of ΓiMIE and Γ
p
MIE with turbulence intensity for low values of u
′/s0l and a
large increase as the turbulence intensity increases. The critical turbulence intensity at which a transition
is observed for ignition is approximately u′ ic /s
0
l ≈ 14.0 and it decreases slightly to u′ pc /s0l ≈ 11.5 for self-
sustained propagation. This is slightly smaller than the experimental results of Shy et al. [9] which reported
u′ pc /s
0
l ≈ 15.0 for a stoichiometric methane/air mixture, and larger than the value of u′ pc /s0l ≈ 7.0 − 10.0
reported by Cardin et al. [11, 12] for lean methane/air mixtures with 0.55 6 φ 6 0.75. The critical
Karlovitz number (Kac =
(
u′c/s
0
l
)3/2
(lt/δz)
−1/2
) is thus approximately 17.0 (i.e. Kaic ≈ 17.0) for ignition
and Kapc ≈ 13.0 for successful self-sustained flame propagation, while Shy et al. [9] experimentally obtained
Kapc ≈ 8.0 and Cardin et al. [11, 12] observed Kapc ≈ 10.0 for fuel-lean mixtures.
Based on the current DNS data, the propagation MIE dependence on the turbulent intensity in the
two regimes can be approximated as ΓpMIE ∝
(
u′/s0l
)n
with n = 0.03 for u′/s0l 6 u′ pc /s0l and n = 2 for
u′/s0l > u′ pc /s0l .
It was experimentally found by Shy et al. [9] that n varies between 1.0 for u′/s0l 6
(
u′/s0l
)
c
to n = 7−16
for u′/s0l >
(
u′/s0l
)
c
for methane/air mixtures at different equivalence ratios. The quantitative disagreement
between the experimental data reported by Shy et al. [9] and the DNS data can be attributed to differences
in the measurement of the energy deposited. In electric spark ignition, the energy transferred from the
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electrodes to the fluid is not precisely known and varies significantly based on the electrodes material, size,
geometry and gap width but also depends on the duration, profile and total energy of the discharge, to which
additional heat losses due to the forced convection must be accounted for. From the energy transferred to
the fluid, some is further lost due to plasma formation and the creation of an initial shock wave. Thus, the
amount of energy that is finally used for an increase of the fluid temperature is much lower and non-linearly
related to the total energy measured at the electrodes. This differs from the DNS in which all the energy
added to the flow is fully converted into a temperature increase. As already pointed out, the integral length
scales also differ significantly between the experiment and the simulations, with lt/δth = 4.35 in the current
DNS analysis and lt/δth ≈ 40− 90 in the experiment [9].
Undeniably, the background turbulence has a large impact on the MIE and its variation as a function
of the turbulence intensity. It will be discussed and demonstrated later that the success of ignition and
subsequent flame propagation without the aid of an external energy source depends on the competition
between the chemical heat release rate and the heat transfer rate from the hot gas kernel. Heat transfer has
an adverse effect on the likelihood of both ignition and subsequent self-sustained combustion, as it scales
with the rms velocity fluctuation u′. Thus, if forced turbulence were to be used, u′ would not decay and
the heat transfer from the hot gas kernel would increase in comparison to the heat transfer under decaying
turbulence. This in turn would mean that the MIE would increase from the values found for decaying
turbulence, as the higher heat transfer from the hot gas kernel would result in a misfire or flame quenching if
the MIE found for decaying turbulence was to be used for forced turbulence. The results would not change
qualitatively as the competition between the heat release rate and heat transfer will still determine the
magnitude of the MIE, but quantitatively, some differences are expected. The laminar MIE energy will not
depend on whether the turbulence is decaying or maintained. Consequently, if forced turbulence were to be
used instead of decaying turbulence, two key changes in the results would be observed : (1) the MIE for each
turbulence intensity other than u′/s0l = 0 would increase, and the level that it would change by compared
to the decaying turbulence is expected to increase with increasing u′/s0l , and (ii) due to the increase of the
MIE values (but the identical value of MIE at u′/s0l = 0), it is expected that the evolution of ΓMIE across
the values of u′/s0l both smaller and larger than u
′
c/s
0
l would become steeper.
When comparing the current results with data from a different experimental set-up which uses a much
smaller integral length scale (lt/δth ≈ 6− 7), decaying turbulence and laser ignition (which deposits energy
in a more precise manner than sparks) [11, 12], the quantitative agreement improves significantly. It was
indeed reported by Cardin et al. [11, 12] that n = 0.01 − 0.1 for u′/s0l 6 u′ pc /s0l and n = 1.4 − 2.1 for
u′/s0l > u′ pc /s0l . However, the present analysis is done for a stoichiometric methane-air mixture whereas
the analysis presented by Cardin et al [11, 12] considered fuel-lean mixtures. It is important to note that
the slopes for the normalised MIE variation with u′/s0l for the experimental data by Cardin et al [11, 12]
do not change significantly with the variation of equivalence ratio for u′/s0l > (u′/s0l )c. For the present
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thermo-chemistry, the physical processes which determine the MIE do not change appreciably with the
equivalence ratio apart from the decreasing magnitude of the fuel reaction rate with increasing departure
from the stoichiometric mixture. This would lead to an increase of the MIE value with decreasing equivalence
ratio for fuel-lean mixtures [4–7, 26] but a limited number of simulations indicated that the normalised MIE
(i.e. ΓMIE) does not change noticeably with the equivalence ratio. Thus, the variation of ΓMIE with u
′/s0l
in Fig. 4 is not likely to change significantly with different equivalence ratios.
Finally, a notable difference exists in the methodology used to measure the MIE in the experimental and
numerical analysis. It can be first remarked that the MIE measured experimentally is defined statistically at
50% ignitability due to the existence of a region of ignition energy within which successful flame propagation
and flame quenching co-exist even under the same statistical turbulent background. This is due to the fact
that experimentally, the turbulent background are statistically identical but locally different, and that the
amount of energy deposited in the mixture is only approximately known. Based on the work of Shy and
co-workers [8, 9] and particularly on the presentation of the MIE determination [9, Appendix A] and the
work of Cardin et al. [11, 12], it can be inferred that more that 3000 experimental runs were needed in the
first case and more than 800 in the second. Experimentally, different statistical turbulent flow fields were
generated and energy was deposited incrementally, such that both 0% and 100% ignitability thresholds can
be determined. Further energy deposition events allow the determination of the 50% ignitability value using
a spline fitting method. To follow the same methodology numerically would be exorbitantly expensive and
outside the means of most research groups using the DNS tool. Thus, the current work does not capture
the MIE at 50% ignitability as understood experimentally, but rather determines the MIE as a threshold
value. Here, the MIE is reported based on a realisation which showed successful ignition/self-sustained
propagation, and the number of successful events was then measured by depositing identical amounts of
energy to different realisations with statistically similar turbulence properties as detailed below.
4.3. Temporal evolution
The temporal evolutions of the maximum value of non-dimensional temperature (Tmax), maximum nor-
malised fuel reaction rate magnitude (ω˙∗f = |ω˙f,max|×δz/ρ0s0l ) and the volume defined by c > 0.5 normalised
by the ignitor volume Vsp = 4/3piR
3
sp are shown in Fig. 5 for different turbulence intensities and normalised
energies close to ΓiMIE.
The behaviour observed here matches previous numerical results [21, 26, 30], with the maximum tem-
perature increasing continuously during the energy deposition up to Tmax ≈ 0.5 for all values of u′/s0l .
At t/tsp = 1, chemical reactions remain small (see the low values of ω˙
∗
f ) and the large thermal gradient
created by the energy deposition gives rise to a high energy transfer that heats the surrounding unburned
mixture. Later on, at t/tsp > 1.1, if the heat release is strong enough, Tmax keeps increasing until a thermal
runaway occurs when the temperature reaches a value close to Tc = 1 − 1/β. Under these conditions, the
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Figure 5: Temporal evolution of (top row) Tmax and (bottom row) (symbols) Vc>0.5/Vsp and (lines) ω˙∗f = |ω˙f,max| × δz/ρ0s0l
at different initial values of u′/s0l and ignition energies close to Γ
i
MIE - The vertical black dashed line indicates t/tsp = 1
non-dimensional temperature T then reaches a maximum larger than unity (i.e. Tmax > 1) and the ignition
is successful. Simultaneously, the maximum value of the reaction rate magnitude increases rapidly to reach
a maximum. It subsequently decreases as the fuel availability diminishes, and only then, the maximum tem-
perature starts to decrease. It can also be remarked that in ignition events, the reaction progress variable
and the temperature are decoupled in the early stages. The maximum temperature has already reached
values greater than unity, while the volume of burned gas Vc>0.5 is still zero. This decoupling then decreases
as the maximum temperature decreases to reach Tmax = 1, at which point, both the progress variable and
the temperature becomes coupled.
It is worth mentioning that all ignition events visible in Fig. 5 can be considered as autoignition events
as the thermal runaway occurred long after the energy deposition has ended. In fact, at t = tsp, the volume
of products is still zero and only starts to increases after the thermal runaway. The joint probability density
functions (jPDFs) of the normalised heat release and normalised temperature dissipation rate defined by
χT = λ/(ρ0Cp)∇T · ∇T are presented in Fig. 6 at different time instants for u′/s0l = 9.0, Γ = ΓiMIE and
T = 0.3. A clear negative correlation between ω˙T and χT can be observed at t = 0.78tsp with p = −0.92
(where p = Cov(ω˙T , χT )/σω˙T σχT is the correlation coefficient, Cov(λi, λj) indicates the co-variance of
scalars λi and λj and σλi the variance of scalar λi), which is indicative of an autoignition event [42, 56].
The value of p then increases with time, and at t/tsp = 1.05 it is positive with p = 0.25, until it stabilises
at p ≈ 0.6 at t/tsp ≈ 2.5, which is representative of a premixed flame. It has also been found that the
magnitude of ω˙T remains much greater than that of ∇ · (λ∇Tˆ ) when the temperature runaway takes place
for the cases with initially u′/s0l 6 11.5 (not shown here), which is also indicative of an autoignition event.
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Figure 6: jPDFs of normalised heat release (ω˙T × δz/ρ0s0lCpT0) and normalised temperature dissipation rate (χT × δz/s0l ) for
u′/s0l = 9.0 and Γ = Γ
i
MIE on the T = 0.3 iso-surface
Figure 7 presents the evolution of the maximum temperature, normalised maximum fuel reaction rate
magnitude and burned gas volume at different turbulent intensities and Γ = ΓpMIE. For low turbulence
intensities (i.e. u′/s0l 6 1.5), the turbulence does not have any effect on the occurrence of the self-sustained
flame propagation, which can be seen through the similarity of the different temporal evolutions for different
turbulent intensities. This is also consistent with the finding that the MIE is almost independent of the
turbulence intensity at low values of u′/s0l reported by Cardin et al. [11, 12]. For moderate turbulence
intensities (i.e. 2.5 6 u′/s0l 6 9.0), the energy demand for ensuring self-sustained flame propagation increases,
as shown by the thermal runaways occurring earlier but still after the end of the energy deposition, indicating
that these events are still auto-ignition events. The peak reaction rate magnitude also increases with u′/s0l
(by almost 50% from u′/s0l = 2.5 to u
′/s0l = 9.0). The auto-ignition events can be found up to u
′/s0l ≈ 11.5
but disappear for larger values of the initial turbulence intensity. Indeed, as u′/s0l increases, Γ
p
MIE also
increases leading to the maximum temperature reaching unity at t/tsp 6 1 before it reaches a maximum
at t/tsp = 1. Consequently, the peak reaction rate is found before the end of the energy deposition, before
a rapid decrease is observed as the reactants are fully converted to products within the ignitor volume.
A short stabilisation can then be observed, when the fuel concentration reaches zero while energy is still
deposited by the ignitor leading to a large diffusion of temperature through the flame front. At t/tsp = 1,
the reaction rate decreases sharply, and the burned gas volume is already very large with Vc>0.5/Vsp > 10.0
for u′/s0l = 18.0. At later times, the temperature decreases slowly until it eventually reaches unity as the
hot gas volume increases, indicating that self-sustained combustion is occurring.
4.4. Stochastic behaviour
The success of ignition is extremely sensitive to the amount of energy deposited, as shown in Fig. 5 where
an increase by 1% of Γ is enough to obtain a thermal runaway and a successful ignition. To investigate the
influence of turbulence on this fundamentally stochastic process, two additional simulations have been run
with Γ = ΓiMIE and Γ = Γ
p
MIE for each value of u
′/s0l presented in Tab. 1. Each one of these two additional
simulations has been run with a statistically identical (i.e. u′/s0l and lt) but locally different realisation of the
initial turbulent field. The outcome of the energy deposition in locally different, but statistically identical,
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initial turbulent flow fields with Γ = ΓiMIE and Γ = Γ
p
MIE is reported in Fig. 8 for different initial turbulence
intensities.
It is worth noting that Fig. 8 indicates whether the minimum energy necessary to obtain a successful
ignition/propagation for one particular turbulent realisation also corresponds to the minimum energy nec-
essary to obtain a successful ignition/propagation for other statistically similar realisations. Subsequently,
there is always at least one successful event for each turbulence intensity, associated with the realisation,
which is referred to as realisation 1.
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It can be seen that for low values of u′/s0l (i.e. u
′/s0l 6 1.5), different realisations of turbulence do not
influence the number of successful events. However, as u′/s0l increases, failed ignition is obtained for some
realisations of statistically identical turbulent flow fields, and this behaviour persists until the very large
turbulence intensities (i.e. u′/s0l > 37.0). For u
′/s0l > 41.0, the eddy turnover time becomes comparable
to the energy deposition time, i.e. te/tsp ≈ 1.0 (see Tab. 1), and this allows some fluid to receive energy
multiple times due to the turbulent motion that brings it back within the ignitor volume before the end
of the energy deposition. The probability of successful propagation is not 100% for u′/s0l = 2.5 and 4.0
where Γ = ΓiMIE = Γ
p
MIE, which means that the failed propagations here are misfires. Consequently, up to
moderate turbulent intensities (i.e. up to u′/s0l ≈ 9.0), if the ignition is successful, the combustion will become
self-sustained. For larger values of u′/s0l (i.e. u
′/s0l > 11.5), the probability of self-sustained propagation
decreases to about 66.6% as turbulence starts to affect the later stages of the kernel development.
Figure 9 shows the temporal evolution of Tmax for the different turbulent realisations at several values of
initial u′/s0l and Γ = Γ
i
MIE. For u
′/s0l = 1.0, the temperature profiles appear similar with an almost identical
temperature at t = tsp, but a slight time lag (i.e. ∆t ≈ 0.1tsp) in reaching the adiabatic flame temperature
can be observed. Three successful ignitions for all three different turbulent realisations are visible, and this
is reported in Fig. 8 for Γ = ΓiMIE. For larger turbulence intensities, the ratio te/tsp decreases, and turbulent
motions become more pronounced during the energy deposition. By increasing the local heat transfer rate,
they are able to significantly decrease the maximum temperature reached leading to a misfire (Figs. 9b and
9c). For u′/s0l = 9, a successful ignition is obtained for realisation 1, but misfires are obtained for both
realisations 2 and 3, and this is represented in Fig. 8 where for Γ = ΓiMIE a single successful event is reported.
The same method has been applied for each turbulence intensity shown in Fig. 8. This aims at giving an
estimation of the ignitability percentage obtained for ΓiMIE and Γ
p
MIE respectively.
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Figure 9: Temporal evolution of Tmax for three turbulent realisations with Γ = ΓiMIE and different initial values of u
′/s0l - The
vertical black dashed line indicates t/tsp = 1
Figure 10 shows the temporal evolution of Vc>0.5/Vsp for similar turbulent conditions and Γ = Γ
p
MIE.
The choice of showing Vc>0.5/Vsp is substantiated by the fact that Tmax remains greater than unity for a long
time after ignition when using Γ = ΓpMIE, and thus, does not constitute a good marker of the self-sustained
growth of the kernel. For u′/s0l = 1.0, the kernel volumes are very similar between the different realisations,
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and the same slight lag observed for the ignition is also observed, which is due to Γ = ΓiMIE = Γ
p
MIE. For
larger values of u′/s0l , the product volumes Vc>0.5/Vsp start to behave differently depending on the turbulent
flow field (Figs. 10b and 10c). At u′/s0l = 9.0, for example, realisation 1 has a volume which represents
only 50% of the volume obtained with realisation 3 at t/tsp = 10. This stems from a delay in the start of
burning, indicating that the heat in realisation 3 might have been deposited within a larger volume of fluid
due to the local turbulent motions. On Fig. 10c, the profiles are shown up to the time at which the kernel
leaves the computational domain which happens at roughly t/tsp ≈ 5 for all realisations, at which point,
the hot gas volume of realisation 2 has started to decrease indicating a possible failed propagation event.
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Figure 10: Temporal evolution of Vc>0.5/Vsp for three turbulent realisations with Γ = Γ
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4.5. Energy budget
An accurate understanding of the underlying mechanisms governing the ignition can be gained by
analysing the energy balance. The temporal evolution of the energy equation budget (Eq. 3) is presented in
Fig. 11 for u′/s0l = 9.0, Γ = Γ
i
MIE and for the three turbulent realisations. Note that qualitatively similar
results are obtained for the other values of u′/s0l studied in this work.
For t/tsp 6 1, the mean contribution of the ignition source term P3 is non-zero and at its maximum
for high values of T found at the ignitor centre (see Fig. 2). The viscous term (D1, not shown here for
clarity) is not a leading order contributor and does not play any significant role in the ignition dynamic.
The mean value of the convective (C1) and pressure work (P1) terms are linked through dilatation and
follow similar trends. At early times, they are both negative as the reactants are pushed outwards, then at
t/tsp ≈ 1.3, the sign changes and they both become positive for a short period of time. This is explained by
the pressure equilibrating to the conditions found within the kernel, due to the absence of energy addition
and the chemical heat release not being strong enough to sustain the kernel growth. At a later time, if the
ignition is successful, C1 and P1 become negative again. The mean values of thermal diffusion D2 and heat
release P2 are the leading order contributors in established flames [25] and a net positive mean value of
(P2 +D2) for a given T -isosurface indicates that it propagates into the unburned gas mixture. By contrast,
the kernel shrinks if the positive heat release rate term P2 is overcome by the negative contribution of the
diffusion term D2 (i.e. P2 + D2 < 0). At t/tsp ≈ 0.75, the mean value of P2 is negligible, while the mean
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Figure 11: Energy budget for u′/s0l = 9.0, Γ = Γ
i
MIE at different time instants and for different turbulent realisations (
Real. 1, Real. 2, Real. 3)
value of D2 is negative due to the large temperature gradients found at the ignitor centre. The magnitudes
of both P2 and D2 increase with time and they eventually become leading order contributors to the energy
transport shortly after the energy deposition ends (i.e. t/tsp ≈ 1.3). After the thermal runaway occurring
at t/tsp ≈ 1.9 the mean values of both P2 and D2 for realisation 1 increase by an order of magnitude, before
decreasing slowly as Tmax decreases. For realisations 2 and 3, the mean values of both P2 and D2 decrease
after the ignitor has been switched off due to failed ignition, which can be seen from the negative mean
value of (P2 +D2).
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Figure 12: (a) Temporal evolution of Λ = max(|〈P2|T 〉|)/max(|〈D2|T 〉|) for different values of u′/s0l with Γ = ΓiMIE, (b)
Decomposition of the thermal diffusion rate term D2 into its normal (D21) and tangential (D22) components for u′/s0l = 9.0,
Γ = ΓiMIE and t/tsp ≈ 1.00 and (c) PDF of κm on different isotherms for u′/s0l = 9.0, Γ = ΓiMIE and t/tsp ≈ 1.00 - All the
results are presented for different turbulent realisations ( Real. 1, Real. 2, Real. 3)
Figure 12a presents the temporal evolution of the competition between the chemical heat release and
thermal diffusion through the ratio Λ = max(|〈P2|T 〉|)/max(|〈D2|T 〉|), where 〈. . . |T 〉 denotes the conditional
mean on temperature evaluated over the whole domain. If Λ > 1, the hot gas kernel expands in size, if
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Λ < 1, the flame quenches. It can be observed that a marker of successful ignition is Λ > 1 at t/tsp = 1.0,
which would indicate that the occurrence of a thermal runaway is fully determined at t/tsp = 1.0. However,
the value of Tmax reached at t/tsp = 1.0 is not the only parameter governing Λ. This is highlighted by the
very different values of Λ reached at t/tsp = 1.0 across the different realisations although relatively similar
Tmax values are observed on Fig. 9.
Thus, the statistical behaviour of D2 plays a key role in determining the success or failure of an ignition
event. To study this effect, D2 can be decomposed (D2 = D21 +D22) into its normal D21 = N ·∇(λN ·∇Tˆ )
and tangential components D22 = −λ|∇Tˆ |∇ ·N = −2λκm|∇Tˆ |, where κm = 1/2∇·N is the local curvature
of isotherms. The curvature assumes a positive (negative) value for the surface elements which are convex
(concave) to the unburned gas. This decomposition is shown for u′/s0l = 9, Γ = Γ
i
MIE and for all turbulent
realisations in Fig.12b at t/tsp ≈ 1.0. The mean value of the tangential diffusion contribution (D22) (which
is proportional to the isotherms curvature) conditional upon T , behaves similarly for all realisations. This
is consistent with the fact that at such early times, the mean isotherm curvature is mainly driven by the
thermal diffusion from the ignitor centre where the energy is deposited within the characteristic distance
Rsp. However, the mean behaviour of the normal diffusion component (D21) differs significantly depending
on the realisations.
In order to understand this behaviour it is worthwhile to examine the PDF of κm, shown in Fig. 12c for
different isotherms and realisations. The curvature distribution is wider for realisations 2 and 3 than for
the first one on isotherm T = 0.3, indicating that κm can have large magnitudes locally and that significant
local variations of D22 exist, although its mean value remains mostly unaffected. However, local behaviours
of |∇T | and D21 are also affected by the local value of κm.
To further investigate these local behaviours, the jPDFs of κm with |∇T | and D21 for the three turbulent
realisations are shown on Fig. 13. A clear negative correlation exists between the mean curvature and |∇T |,
with p ≈ −0.8 for all turbulent realisations, which is consistent with earlier findings by Klein et al. [57].
A negative correlation also exists with the normal diffusion rate (D21) which can be explained by the
fact that as the mean curvature locally increases, the temperature gradient magnitude decreases and thus
−|∇T | increases with curvature. Furthermore, as shown in Fig. 6 at t/tsp = 1.05, when the temperature
gradient decreases, the reaction rate decreases as well, which brings down the temperature difference across
the turbulent flamelet, and accordingly increases the distance between two given isotherms (∆xf ). The
relative strengths of these mechanisms give rise to a negative correlation between D21 (which scales as
D21 ∼ −λ∆T/∆xf ) and κm. As the curvature locally takes larger values for realisations 2 and 3, the
variation of the normal diffusion term also increases. Consequently, the magnitude of the diffusion rate may
locally assume highly negative values that supersede the heat release rate leading to a misfire.
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Figure 13: (top) P (κm, |∇T |) and (bottom) P (κm, D21) for u′/s0l = 9.0, Γ = ΓiMIE, t/tsp ≈ 1.0 and T = 0.3 using three
different realisations of turbulence (left to right) Real. 1, 2, 3
5. Discussion and physical insights
The DNS results presented in this paper qualitatively capture the experimentally observed MIE tran-
sition, but it is necessary to identify and explain the physical mechanism which is responsible for this
behaviour. The mean heat release rate conditional on the temperature (T ) needs to be greater than the
magnitude of the mean conditional thermal diffusion rate for successful ignition and self-sustained flame
propagation to occur. The opposite is true for misfire or kernel quenching. However, the magnitude of
the MIE is dependent on the competition between the overall heat release rate and heat transfer, which
cannot be readily extracted from plots in Fig. 11 as it does not provide the number of samples corresponding
to every value of T , and the volume integral of molecular dissipation rate ∇ · (λ∇Tˆ ) is expected to vanish
because of the divergence theorem (i.e.
∫
V
∇·(λ∇Tˆ ) dV = 0). Thus, to explain the MIE transition, a scaling
analysis, which is presented below, based on the physics highlighted in the next subsection has been carried
out.
5.1. Governing physics
The flame surface area A increases with increasing turbulence intensity u′/s0l , which acts to increase
the overall burning rate. Simultaneously, the turbulent (eddy) diffusivity also increases as it scales with u′
(Dt ∼ u′lt). It has already been discussed that the competition between the overall chemical heat release and
thermal diffusion governs the ignition/propagation success, and both the flame surface area and turbulent
diffusivity affect these two governing mechanisms.
On one hand, as u′/s0l increases, both the flame surface area and the turbulent diffusivity increase,
however, the extent to which the flame surface area can increase is limited. The flame surface area growth
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due to turbulence is limited due to e.g. flame-flame interaction, which leads to the bending effect outlined by
previous experimental and numerical studies [58–63]. This bending effect in the variation of AT /Ap (where
AT and Ap are the turbulent and laminar flame areas respectively) as a function of u′/s0l has indeed been
found in this analysis (not shown here for brevity), which indicates that AT /Ap initially increases almost
linearly for small values of u′/s0l , but for higher values, the flame surface area can be seen to taper off, before
becoming nearly constant, and even decreasing slightly as u′/s0l keeps increasing. By contrast, the turbulent
diffusivity increases monotonically with increasing u′/s0l for a given integral length scale.
On the other hand, the flame surface area to volume ratio (Σ′) of the gas kernel plays a key role in
the competition between the heat transfer rate and the chemical heat release, and the effects of the former
become crucial for large surface to volume ratios. The value of Σ′ decreases with increasing flame radius
and thus the flame is more prone to quenching for smaller mean radii. However, as explained earlier, the
increase in turbulent diffusivity with increasing turbulence intensity can be more rapid than the increase in
flame surface area, especially at large values of u′/s0l . This effect is particularly important for small mean
radii due to large values of Σ′ that allow for the heat transfer to supersede the overall heat release leading
to either a misfire or a flame quenching. To avoid this, the flame kernel needs to reach a mean critical
radius Rcrit [4–7] for self-sustained flame propagation to be obtained. In order to reduce the flame surface
area to volume ratio to a value sufficient to support self-sustained flame propagation, for a given turbulence
intensity, the flame kernel radius needs to be increased by depositing more energy. This critical kernel radius
Rcrit increases with u
′/s0l and is large for large turbulence intensities, such that Σ
′ assumes a value which
compensates for the weaker increase in flame surface area compared to the rapid rise in turbulent diffusivity,
to yield a balance between the overall heat release and heat transfer from the hot gas kernel. This is reflected
by the rapid increase in MIE to obtain a successful ignition and/or propagation once a threshold turbulence
intensity is reached, which has been demonstrated in Fig. 4. This observation can also be confirmed by the
following scaling analysis.
5.2. Scaling analysis
The heat release must supersede the overall heat transfer rate from the kernel initiated by the local
energy deposition to ensure that it propagates without the assistance of any external energy source. Thus,
under the critical condition in the absence of any mean advection [25],
∫
V
ω˙T dV ∼ ρ0s0lCp(Yf,u − Yf,b)HφAT ∼ qeffAp, (6)
where ω˙T scales with ρ0s
0
lCp(Yf,u − Yf,b)HφΣ′, AT is the actual flamelet area, Ap the projected flame
surface area and qeff the effective diffusive thermal flux. It can be taken to scale as qeff ∼ ρ0Cp(D +
Dt)(Tad − T0)/Rcrit. Henceforth, it will be considered that Dt  D because turbulent diffusion is expected
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to be much stronger than the molecular diffusion rate. Upon using Cp(Tad − T0) = Hφ(Yf,u − Yf,b) and
Dt ∼ u′lt, one gets [25],
Rcrit ∼ u
′lt
s0l (AT /Ap)
, (7)
where AT /Ap is the wrinkling factor Ξ which is often scaled using a power-law as Ξ ∼ (u′/lt)n [10, 64, 65]
with 0 < n < 1. Using this scaling, Eq. 7 can be further scaled as,
Rcrit ∼ δz(lt/δz)(u′/s0l )1−n. (8)
As the MIE can be taken to scale with the energy required to raise the temperature of the mass of gas of radius
Rcrit from the unburned gas conditions to the adiabatic flame temperature (i.e. Eign ∼ ρ0(4/3piδ3z)Cp(Tad−
T0)), the normalised MIE, Γ
p
MIE, can be taken to scale as,
ΓpMIE ∼ (lt/δz)3(u′/s0l )3−3n. (9)
It is worthwhile to note that lt/δz ∼ Re3/4t Ka−0.5 is also dependant on the turbulent Reynolds and the
Karlovitz numbers, but in the current analysis, the initial value of lt/δz is kept constant. Although the
turbulence intensity decays with time, the values of u′/s0l and lt/δz at the time of the successful propagation
have not been found to change significantly from their initial values. For u′/s0l = 4.0, the decrease is roughly
12% at t/tsp = 10.0, for u
′/s0l = 14.0, the decrease is about 16% at t/tsp = 8.0 (time at which the kernel
leaves the domain) and for u′/s0l = 22.0 the decrease is approximately 12% at t/tsp = 4.0. Several previous
analysis [58–63] indicated bending effect where the wrinkling factor Ξ increases almost linearly with u′/s0l for
small turbulence intensities (i.e. n ≈ 1.0), whereas for large values of u′/s0l , the wrinkling factor Ξ becomes
less sensitive to the change in u′/s0l (i.e. n < 1). A value of n ≈ 1.0 is consistent with ΓpMIE ∼ (u′/s0l )0.03
found for small turbulence intensities in Fig. 4. By contrast, a value of n ≈ 1/3 for large values of u′/s0l
yields ΓpMIE ∼ (u′/s0l )2 as observed from Fig. 4. The wrinkling factor correlation was indeed proposed to
be Ξ ∼ (u′/s0l )0.4 in previous analyses on turbulent flame speed [64, 65]. Further discussion on the bending
phenomenon is beyond the scope of this analysis as is the parametrisation of the power-law exponent n (but
a preliminary analysis reveals that the flame kernels in this dataset shows n ≈ 0.3). However, the above
scaling analysis and its apparent agreement with the current data (ΓpMIE) offers an alternative perspective
for the transition in MIE.
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6. Conclusions
The minimum ignition energy (MIE) of a stoichiometric methane-air mixture in homogeneous isotropic
decaying turbulence has been numerically evaluated for a large range of initial turbulence intensities. A good
qualitative agreement has been found with the available experimental results [8, 9, 11, 12], with the prediction
of a transition in the MIE between low to moderate and large turbulence intensities. However, there are
significant quantitative discrepancies in the MIE dependence on u′/s0l between the experimental data by Shy
and his co-workers [8, 9] and the present computational results, but much smaller ones between the DNS data
and the experimental results of Cardin et al. [11, 12]. This variation in the quantitative agreement has been
attributed to the different integral length scales, flow conditions (e.g. forced turbulence in [8, 9] as opposed
to decaying turbulence in DNS and in [11, 12]) and ignition systems used in the experiments and the DNS.
The fundamentally stochastic behaviour of the ignition has also been reproduced numerically by depositing
an identical amount of energy to three statistically identical realisations of turbulence (u′/s0l and lt/δz) and
measuring the probability of successful ignition/propagation. Furthermore, the energy distribution following
its deposition was investigated and it was found that ignition was successful only if the ratio of the maximum
value of mean magnitudes of chemical heat release and thermal diffusion rate conditioned on T was greater
than unity at the end of the energy deposition. The stochastic behaviour of the ignition process was also
attributed to the key role of the spatial fluctuations of local isotherms curvature. They affect the normal
component of diffusion rate and thus the overall thermal diffusion rate leading to a misfire if it supersedes
the heat release rate. Using a scaling analysis of the energy balance, a parametrisation of the MIE sufficient
for self-sustained flame propagation following successful ignition is proposed as a function of the turbulence
intensity. The proposed scaling matches the MIE dependence on the turbulence intensity found numerically,
and the insights gained from the simulation data have been used to explain the physical mechanisms behind
the transition in MIE requirements with increasing turbulence intensity. Finally, it is recognised that the
single-step chemistry and the unity Lewis number assumptions used in this work preclude the analysis of the
differential diffusion, thermodiffusive instabilities, low-temperature kinetics or gas ionisation effects on the
ignition process and its influence on the MIE. However, the qualitative nature of the turbulence-chemistry
interaction is not expected to change in the presence of detailed chemistry but some quantitative differences
due to aforementioned effects may arise. These differences could affect the absolute energy levels or the kernel
behaviour, although the MIE transition and dependence on turbulence intensity should remain qualitatively
similar. Further investigation of these effects will form the basis of future investigations.
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